In this article, we study the k-Lefschetz properties for non-Artinian algebras, proving that several known results in the Artinian case can be generalized in this setting. Moreover, we describe how to characterize the graded algebras having the k-Lefschetz properties using sectional matrices. We then apply the obtained results to the study of the Jacobian algebra of hyperplane arrangements, with particular attention to the class of free arrangements.
INTRODUCTION
In [8] , the authors introduced the notions of weak and strong k-Lefschetz properties as a generalization of the weak and strong Lefschetz properties. These concepts are connected to many topics in algebraic geometry, commutative algebra and combinatorics. Some of these connections are quite surprising and there are still several open questions. See for example [7] and [9] .
The goal of this paper is to continue and extend the study of the Lefschetz properties for non-Artinian algebras the authors started in [11] . In order to do that, we will use the sectional matrix [3] , a matrix that encodes the Hilbert function of successive hyperplane sections of a homogeneous ideal. In particular, we will highlight how the sectional matrix of a graded algebra plays an important role in the study of Lefschetz properties. We will then apply the obtained results to the study of the Jacobian algebra of a hyperplane arrangement, with particular attention to the class of free arrangements, as a natural step after [11] . This paper is organized as follow. In Section 2, we recall the notions of weak and strong Lefschetz properties with their basic attributes and we characterize such properties via Hilbert functions. In Section 3, we introduce the notions of k-WLP and k-SLP and describe their basic properties. In Section 4, we recall the notion of almost revlex ideal and we put it in connection with the k-Lefschetz properties. In Section 5, we connect the non-Artinian case to the Artinian one. In Section 6, we recall the notion of sectional matrix and we describe how to characterize algebras having Date: April 3, 2020. Definition 2.8. Let R be a graded ring over K, and R = i≥0 R i its decomposition into homogeneous components with dim K (R i ) < ∞.
(1) The graded ring R is said to have the weak Lefschetz property (WLP), if there exists an element ℓ ∈ R 1 such that the multiplication map
is full-rank for every i ≥ 0. In this case, ℓ is called a weak Lefschetz element.
(2) The graded ring R is said to have the strong Lefschetz property (SLP), if there exists an element ℓ ∈ R 1 such that the multiplication map
is full-rank for every i ≥ 0 and s ≥ 1. In this case, ℓ is called a strong Lefschetz element.
In [11] , the authors studied in depth these two notions. Between all the results obtained, we state here the two that play an important role in this paper. Similarly to Remark 6.11 of [7] , to check if a quotient algebra has the SLP, it is enough to check the differences of its Hilbert function. where HF(S/I, r) = 0 for all r < 0.
Proof. By slightly generalizing the arguments of the proof of Lemma 1.2 from [5] (using that LT DegRevLex (gI + x k l ) = LT DegRevLex (gI) + x k l for all k ≥ 1), one obtains that the Hilbert function of S/(rgin(I) + x s l ) is equal to the Hilbert function of S/(I + ℓ s ) for a general linear form ℓ ∈ S 1 and all s ≥ 1. This fact, together with Lemma 2.9 and Proposition 2.10, implies that it is enough to prove the statement when I is a strongly stable ideal and ℓ = x l .
Assume that S/I has the SLP with strong Lefschetz element x l . Fix s ≥ 1 and d ≥ 0. By assumption the multiplication map This implies that S/I satisfies (1) .
Assume now that S/I satisfies (1). Fix s ≥ 1 and d ≥ 0. If we have that HF(S/(I + x s l ), d) = HF(S/I, d) − HF(S/I, d − s) > 0, then the multiplication map ×x s l : (S/I) d−s → (S/I) d cannot be surjective. Suppose that such map is also not injective. This implies that there exists a power-product t ∈ S d−s \ I d−s such that x s l t ∈ I d . This implies that I d contains strictly the union of the two disjoint spaces x s l · I d−s and the space generated by all power products u ∈ I d such that x s l ∤ u. As a consequence, HF(S/(I + x s l ), d)+HF(S/I, d−s) > HF(S/I, d), but this is a contraddiction, and hence the multiplication map has full rank. On the other hand, if HF(S/(I + x s l ), d) = 0, then (S/(I + x s l )) d = 0 and HF(S/I, d) − HF(S/I, d − s) ≤ 0. If (S/I) d = 0, then the multiplication map ×x s l : (S/I) d−s → (S/I) d is clearly surjective. If (S/I) d = 0, since (S/(I + x s l )) d = 0, then all the generators of (S/I) d are divisible by x s l . This implies that also in this case the multiplication map is surjective, and hence it has full rank.
Since this argument works for all s ≥ 1 and d ≥ 0, then S/I has the SLP with strong Lefschetz element x l .
If we consider only the case when s = 1 in the argument of Proposition 2.11, we obtain a characterization of the WLP via the first differences of the Hilbert function. where HF(S/I, −1) = 0.
k-WLP AND k-SLP
As a generalization of the Lefschetz properties of Definition 2.8, we can introduce the k-WLP and k-SLP. See [7] and [8] for more details.
Definition 3.1. Let R be a graded ring over K, R = i≥0 R i its decomposition into homogeneous components with dim K (R i ) < ∞, and k a positive integer. The graded ring R is said to have the k-SLP (respectively the k-WLP) if there exist linear elements ℓ 1 , . . . , ℓ k ∈ R 1 satisfying the following two conditions
(1) R has the SLP (respectively WLP) with Lefschetz element ℓ 1 , (2) R/ ℓ 1 , . . . , ℓ i−1 has the SLP (respectively WLP) with Lefschetz element ℓ i , for all i = 2, . . . , k. In this case we will say that (R, ℓ 1 , . . . , ℓ k ) has the k-SLP (respectively k-WLP). Remark 3.2. As noted in Remark 6.2 of [7] , if (R, ℓ 1 , . . . , ℓ k ) has the k-SLP (respectively k-WLP), then ℓ 1 is a Lefschetz element for R. However, if g 1 is another Lefschetz element for R, there do not necessarily exist g 2 , . . . , g k ∈ R 1 such that (R, g 1 , . . . , g k ) has the k-SLP (respectively k-WLP)
Similarly to Proposition 6.9 of [7] , we have the following two statements. Proof. Clearly, if S/I has the SLP (respectively the WLP) with Lefschetz element x l and S/(I + x l ) has the (k−1)-SLP (respectively the (k−1)-WLP), then S/I has the k-SLP (respectively the k-WLP).
Assume that (S/I, ℓ 1 , . . . , ℓ k ) has the k-SLP (respectively the k-WLP). By Remark 2.3, the subgroup H ⊂ GL(l) composed of all the matrices of the form
where a ∈ K l−1 and b ∈ K \ {0} stabilizes any strongly stable ideal. Since the elements ℓ 1 , . . . , ℓ k are generic, we can assume that ℓ 1 = l j=1 α j x j and α l = 0. This implies that there exists ϕ ∈ H such that ϕ(ℓ 1 ) = x l . By applying ϕ to (S/I, ℓ 1 , . . . , ℓ k ), we obtain that (S/ϕ(I), ϕ(ℓ 1 ), . . . , ϕ(ℓ k )) = (S/I, x l , ϕ(ℓ 2 ), . . . , ϕ(ℓ k )) has the k-SLP (respectively the k-WLP), and hence we obtain the claimed equivalence. Proof. Clearly, if (S/I, x l , . . . , x l−k+1 ) has the k-SLP (respectively k-WLP), then S/I has the k-SLP (respectively the k-WLP).
Assume that S/I has the k-SLP (respectively the k-WLP). By Proposition 3.3, we can assume that (S/I, x l , ℓ 2 , . . . , ℓ k ) has the k-SLP (respectively k-WLP). LetS = K[x 1 , . . . , x l−1 ] andĪ =S∩I. Then S/(I+ x l ) ∼ = S/Ī andĪ is a strongly stable ideal ofS. Therefore by induction on l, using Proposition 3.3, we obtain that we can take Similarly to Proposition 6.15 of [7] , we can generalize Proposition 2.10 and reduce the study of k-Lefschetz properties to the strongly stable case. Theorem 3.6. Let I be a homogeneous ideal of S and 1 ≤ k ≤ l. Then the following two conditions are equivalent (1) S/I has the k-SLP (respectively the k-WLP), (2) (S/ rgin(I), x l , . . . , x l−k+1 ) has the k-SLP (respectively the k-WLP).
Proof. We first show that the two conditions are equivalent for the k-WLP. [5] shows that the Hilbert function of S/(rgin(I) + x l , . . . , x l−j+1 ) is equal to the Hilbert function of S/(I + ℓ 1 , . . . , ℓ j ) for a general linear form ℓ 1 , . . . , ℓ j ∈ S 1 . This fact, together with Propositions 2.12, 3.3 and 3.4, gives us the equivalence between the two conditions for the k-WLP. We now show the equivalence for the k-SLP. Let 1 ≤ j ≤ k. Similarly to the proof of Proposition 2.11, by modifying the proof of Lemma 1.2 of [5] , we obtain the equality between the Hilbert function of S/(rgin(I) + x l , . . . , x l−j+2 , x s l−j+1 ) and the Hilbert function of S/(I+ ℓ 1 , . . . , ℓ j−1 , ℓ s j ) for general linear forms ℓ 1 , . . . , ℓ j ∈ S 1 and s ≥ 1. This fact, together with Propositions 2.11, 3.3 and 3.4, gives us the equivalence between the two conditions for the k-SLP.
ALMOST REVLEX IDEALS AND LEFSCHETZ PROPERTIES
In this section, we recall the notion of almost revlex ideal, a special class of monomial ideals, and we put it in connection with the k-Lefschetz properties. In general, not all strongly stable ideals are almost revlex ideals.
As seen before, it is not strongly stable, and hence it is not almost revlex. On the other hand, also the strongly stable ideal J = I + x 2 z is not almost revlex. In fact, xyz ∈ J, but y 3 / ∈ J. If we consider the ideal J + y 3 , finally, this is an almost revlex ideal. Proof. Since S = K[x, y], we have that if t and t ′ are two power-product in S such that deg(t ′ ) = deg(t) and t ′ > DegRevLex t, then t ′ = x α t/y α for some α ≥ 0. By Definitions 2.1 and 4.1, this clearly implies that every strongly stable ideal is an almost revlex ideal.
Finally, I is determined only by the Hilbert function, by Remark 4.4.
Almost revlex ideals have several interesting properties, as described in [7] , [2] and [11] . The following result add the l-SLP to the list. Proof. By Corollary 5.7 from [11] , S/I has the SLP with Lefschetz element x l . Since I is an almost revlex ideal, then I ∩ K[x 1 , . . . , x l−1 ] is an almost revlex ideal. Since every almost revlex ideal is strongly stable by Remark 4.2, we conclude by Proposition 3.3 and induction on l.
Similarly to Proposition 3.15 of [7] , if l = 2, then S/I has always the 2-SLP. Proof. By Proposition 2.10, it is enough to prove the statement when I is a strongly stable ideal. By Lemma 4.5, if I is a strongly stable ideal, then it is an almost revlex ideal, and hence by Theorem 4.6, S/I has the 2-SLP. Proof. Clearly (1) implies (2) and (2) implies (3). On the other hand, by the definition of k-Lefschetz properties and Theorem 4.7, we get that (3) implies (1).
REGULARITY AND k-LEFSCHETZ PROPERTIES
To connect the Artianian case and non-Artinian one, a key role is played by the regularity of a homogeneous ideal. In [1] , the authors described the connection between the Castelnuovo-Mumford regularity of an ideal and the maximal degree of the minimal generators of its generic initial ideal. Given I a homogeneous ideal of S, we will denote byÎ the following idealÎ = I + x 1 , . . . , x l reg(I)+1 .
In Corollary 5.4 from [11] , the authors described how to reduce to the Artinian case if we are interested in studying the WLP. We can generalize such result for the k-SLP.
Theorem 5.4. Let I be a homogeneous ideal of S and 1 ≤ k ≤ l. Then the following facts are equivalent (1) the graded ring S/I has the k-SLP, (2) the graded Artinian ring S/Î has the k-SLP.
Proof. Assume that (S/I, ℓ 1 , . . . , ℓ k ) has the k-SLP, and let 0 ≤ j ≤ k − 1. By construction (S/(I + ℓ 1 , . . . , ℓ j )) d = (S/(Î + ℓ 1 , . . . , ℓ j )) d , for any 0 ≤ d ≤ reg(I), where if j = 0, the ideal ℓ 1 , . . . , ℓ j = 0 . Since (S/I, ℓ 1 , . . . , ℓ k ) has the k-SLP, the multiplication map Assume now that S/Î has the k-SLP, and let 0 ≤ j ≤ k − 1. By Theorem 3.6, (S/ rgin(Î), x l , . . . , x l−k+1 ) has the k-SLP. By Theorem 5.2, rgin(I) has no minimal generators of degree greater or equal to reg(I) + 1. Hence rgin(Î) = rgin(I) + x 1 , . . . , x l reg(I)+1 . This implies that, similarly to the previous part, (S/(rgin(I) + x l , . . . , x l−j+1 )) d = (S/(rgin(Î) + x l , . . . , x l−j+1 )) d , for any 0 ≤ d ≤ reg(I), where if j = 0, the ideal x l , . . . , x l−j+1 = 0 . Consider s ≥ 1, then the multiplication map ×x s l−j from (S/(rgin(I)+ x l , . . . , x l−j+1 )) d to (S/(rgin(I)+ x l , . . . , x l−j+1 )) d+s has full-rank every time d + s ≤ reg(I). On the other hand, since rgin(I) has no minimal generators of degree greater or equal to reg(I) + 1, the multiplication map ×x s l−j is injective for every d ≥ reg(I). This implies that, if s = 1, all the multiplication maps by x l−j have full rank, and hence that (S/ rgin(I), x l , . . . , x l−k+1 ) has the k-WLP. Let s ≥ 2 and d < reg(I) < d + s. Consider the multiplication map ×x s l−j from (S/(rgin(I) + x l , . . . , x l−j+1 )) d to (S/(rgin(I) + x l , . . . , x l−j+1 )) d+s . This map can be written as the composition of the multiplication maps ×x reg(I)−d l−j from (S/(rgin(I) + x l , . . . , x l−j+1 )) d to (S/(rgin(I) + x l , . . . , x l−j+1 )) reg(I) and ×x d+s−reg(I) l−j from (S/(rgin(I)+ x l , . . . , x l−j+1 )) reg(I) to (S/(rgin(I)+
x l , . . . , x l−j+1 )) d+s . Notice that both maps have full-rank. By [11, Proposition 2.10], the Hilbert function of S/(rgin(I) + x l , . . . , x l−j+1 ) is unimodal, and, since rgin(I) has no minimal generators of degree greater or equal to reg(I)+1, such Hilbert function is increasing for every d ≥ reg(I). This implies that we have to analyze only the following two cases. If is an injective map between spaces of the same dimension and hence it is also surjective. This implies that the multiplication map ×x s l−j is surjective. This proves that (S/ rgin(I), x l , . . . , x l−k+1 ) has the k-SLP. By Theorem 3.6, S/I has the k-SLP.
If we consider only the case when s = 1 in the argument of Theorem 5.4, we can describe how to reduce to the Artinian case if we are interested in studying the k-WLP.
Corollary 5.5. Let I be a homogeneous ideal of S and 1 ≤ k ≤ l. Then the following facts are equivalent (1) the graded ring S/I has the k-WLP, (2) the graded Artinian ring S/Î has the k-WLP.
Similarly to Theorem 5.4, also the study of almost revlex ideals can be reduced to the Artinian case.
Theorem 5.6. Let I be a monomial ideal of S. Then I is an almost revlex ideal if and only ifÎ is an almost revlex ideal.
Proof. Assume that I is an almost revlex ideal. Let t be a minimal generator ofÎ and t ′ a power-product such that deg(t) = deg(t ′ ) and t ′ > DegRevLex t. If deg(t) ≤ reg(I), then t is also a minimal generator of I and hence t ′ ∈ I ⊆Î. If deg(t) = reg(I) + 1 then, by construction, t ′ ∈Î. SinceÎ has no minimal generators of degree higher than reg(I) + 1, this implies thatÎ is an almost revlex ideal.
Assume now thatÎ is an almost revlex ideal. Let t be a minimal generator of I and t ′ a power-product such that deg(t) = deg(t ′ ) and t ′ > DegRevLex t. By Remark 5.3, deg(t) ≤ reg(I). This implies that t is a minimal generator ofÎ and that t ′ ∈Î. Since I d =Î d for all 0 ≤ d ≤ reg(I), then t ′ ∈ I. This proves that I is an almost revlex ideal.
SECTIONAL MATRIX AND k-LEFSCHETZ PROPERTIES
It seems natural to investigate the connections between the sectional matrix that encodes the Hilbert function of successive hyperplane sections of a graded algebra and the k-Lefschetz properties of such algebra.
In this section, we recall the definition and basic properties of the sectional matrix for the quotient algebra S/I, as described in [3] . We then describe how to determine if a graded algebra has the k-SLP or k-WLP by looking at its sectional matrix. Remark 6.2. As described in Theorem 4.1 of [3] , even if the sectional matrix has an infinite numbers of columns, to describe the matrix it is enough the knowledge of the first reg(I) columns.
The following result reduces the study of the sectional matrix of a homogeneous ideal to the combinatorial behaviour of a monomial ideal. where if i = l, then x l , . . . , x i+1 = 0 . There are several known results that connect the algebraic properties of an ideal, the entries of the sectional matrix and the shape of the associated generic initial ideal. The most important for this article is the following. Theorem 6.5. [4, Theorem 6.6] Let I be a non-zero homogeneous ideal of S, 2 ≤ i ≤ l and d ≥ 1. Then 1, d) .
Moreover, the equality holds if and only if rgin(I) has no minimal generator of degree d divisible by x i .
Using the language of sectional matrices, we can rephrase Proposition 2.12 and characterize the graded algebras having the WLP via sectional matrices. Proposition 6.6. Let I be a homogeneous ideal of S. Then the graded ring S/I has the WLP if and only if for every 0 ≤ d ≤ reg(I) we have that
where M S/I (l, −1) = 0.
Proof. By Definition 6.1 and Proposition 2.12, we just need to show that, if for every 0 ≤ d ≤ reg(I), the sectional matrix of S/I satisfies (2) Similarly to Proposition 6.6, using Proposition 3.3, we obtain the following generalization of Proposition 2.12 for the k-WLP. Proof. By Theorem 6.5, the existence of such index k implies that rgin(I) has no minimal generator divisible by x l−k . Since rgin(I) is a strongly stable ideal, then rgin(I) has no minimal generator divisible by x r for any l −k ≤ r ≤ l. Again by Theorem 6.5, this implies that M S/I (l −j −1, d) = M S/I (l − j, d) − M S/I (l − j, d − 1) for any 0 ≤ j ≤ k. We conclude by Theorem 6.7.
In general the statement of Corollary 6.9 is not an equivalence. Similarly to Theorem 6.7, we can generalize Proposition 2.11 using the language of sectional matrices and characterize the graded algebras having the k-SLP via such matrices. Proof. The first equality holds independently from the k-SLP. In fact, as described in the proof of Theorem 3.6, by modifying the proof of Lemma 1.2 of [5] , we obtain the equality between the Hilbert function of S/(rgin(I) + x l , . . . , x l−j+2 , x s l−j+1 ) and the Hilbert function of S/(I+ ℓ 1 , . . . , ℓ j−1 , ℓ s j ) for general linear forms ℓ 1 , . . . , ℓ j ∈ S 1 and s ≥ 1. The equivalence between the k-SLP and the second equality is a consequence of Propositions 3.3 and 2.11, and Theorem 3.6.
For a graded algebra, having the k-SLP implies that the last k rows of the sectional matrix are unimodal functions. Proposition 6.12. Let I be a homogeneous ideal of S and 1 ≤ k ≤ l. If S/I has the k-SLP, then M S/I (l − j, −) is an unimodal function, for all j = 0, . . . , k − 1.
Proof. By Theorem 3.6, (S/ rgin(I), x l , . . . , x l−k+1 ) has the k-SLP. By Theorem 6.3, M S/I (i, d)=M S/ rgin(I) (i, d)= HF(S/(rgin(I)+ x l , . . . , x i+1 ), d), for all 1 ≤ i ≤ l and d ≥ 0. This implies that the statement follows by combining Proposition 3.3 with Proposition 2.12 from [11] . Remark 6.13. The sectional matrix of S/Î can be easily obtained from the one of S/I. In particular, for every 1 ≤ i ≤ l, we have that In Corollary 5.11 from [11] , the authors proved that if we assume that l = 3 and that S/I has the SLP, then rgin(I) is an almost revlex ideal. Similarly to Theorem 6.29 from [7] , we can generalize this result to any dimension. 
PRELIMINARES ON HYPERPLANE ARRANGEMENTS
A finite set of affine hyperplanes A = {H 1 , . . . , H n } in K l is called a hyperplane arrangement. For each hyperplane H i we fix a defining linear polynomial α i ∈ S such that H i = α −1 i (0), and let Q(A) = n i=1 α i . An arrangement A is called central if each H i contains the origin of K l . In this case, each α i ∈ S is a linear homogeneous polynomial, and hence Q(A) is homogeneous of degree n.
We denote by
Then δ is said to be homogeneous of polynomial degree d if f 1 , . . . , f l are homogeneous polynomials of degree d in S. In this case, we write pdeg(δ) = d. 
The module D(A) is a graded S-module and we have that
Definition 7.2. A central arrangement A in K l is said to be free with exponents (e 1 , . . . , e l ) if and only if D(A) is a free S-module and there exists a basis δ 1 , . . . , δ l ∈ D(A) such that pdeg(δ i ) = e i , or equivalently
Given an arrangement A in K l , the Jacobian ideal J(A) of A is the ideal of S generated by Q(A) and all its partial derivatives.
The Jacobian ideal has a central role in the study of free arrangements. In fact, we can characterize freeness by looking at S/J(A) via the Terao's criterion. Notice that Terao described this result for characteristic 0, but the statement holds true for any characteristic as shown in [10] . In [4] , the authors connected the study of generic initial ideals to the one of arrangements, obtaining a new characterization of freeness via the generic initial ideal of the Jacobian ideal. with 1 ≤ λ 1 < λ 2 < · · · < λ n−1 and λ i+1 − λ i = 1 or 2.
Example 7.7. Let A be the central arrangement in R 3 with defining polynomial Q(A) = xyz(x−y)(x−z)(y −z). A is a free arrangement with exponents (1, 2, 3) . In this case rgin(J(A)) = x 5 , x 4 y, x 3 y 2 , x 2 y 4 , xy 5 , y 7 .
Example 7.8. Let A be the arrangement in Example 7.5. Then A is not free since there is a minimal generator of rgin(J(A)) that is divisible by z.
The following Conjecture first appeared in [4] .
Conjecture 7.9. Let A be a central arrangement in K l , and consider d 0 = min{d | x d 2 ∈ rgin(J(A))}. If rgin(J(A)) has a minimal generator t that involves the third variable of S, then deg(t) ≥ d 0 .
HYPERPLANE ARRANGEMENTS AND k-LEFSCHETZ PROPERTIES
In this section, we study the Jacobian algebra S/J(A) of an arrangement A from the point of view of the k-Lefschetz properties.
Directly from Theorem 4.7, we obtain the following result for arrangements in 2-dimensional space. 
